For certain types of foods, food vendors often label low-quality foods that are harmless to human health as foods of excellent quality and sell these falsely labeled products to consumers. Because this type of food poses no harm to human health, when public health units discover their act of false labeling or food adulteration, vendors are only penalized with a fine rather than having them assume criminal liability. Upon discovering vendors act of falsely labeling food, public health units typically punish the involved parties according to the extent of false labeling. Such static protective measure is ineffective. Instead, the extent of punishment should be based not only on the extent of false labeling, but also on the frequency of food sampling as well as the number of samples obtained for food inspections. Only through this dynamic approach can food adulteration or false labeling be effectively prevented. Adopting the standpoint of the public sector in food safety management, this study developed a mathematical model that facilitates discussion on the aforementioned problems. Furthermore, we discussed how the supply-demand environmental factors of the food market are influenced by the administrative means that the public health units have used to prevent food false labeling.
Introduction
Presently, consumers are paying increasing attention to the quality and safety of food products, with particular focus on the direct or potential negative impact of food products manufactured in the biotechnological industry (e.g., genetically modified foods). Food safety is defined in both broad and narrow senses [1] . In the narrow sense, food does not cause any acute, subacute, or chronic hazards to human health. In the broad sense, food products must be assured of their quality, should not be involved in false labeling, adulteration, and counterfeiting, and must conform to relevant health standards. Furthermore, because of advancements in information technology, consumers are exposed to food safety scandals almost every week from newspapers and online sources. These scandals usually involve food safety, quality, and labeling problems causing food products in the market to be recalled or taken off the shelf. Consequently, government health departments worldwide are now forced to pay heightened attention to food quality and safety problems. Henson and Traill [2] indicated that government units across the world have shown a definitive attitude toward the intervention and involvement of food quality and safety management.
In the past 20 years, public health sectors and private organizations worldwide have been developing regulations for food safety management [3] , while economically advanced countries are endeavoring to enhance the traceability and transparency of food manufacturing processes [4] . A review of past studies on food safety management reveals that studies have overly focused on discussing safety management systems and strategies. In addition, the discussed contents differ according to the extent of government involvement in food safety and health management [3, [5] [6] [7] . Nevertheless, governments around the world have reinforced their food safety standards and management regulations, paying particular emphasis on not only the vertical and horizontal relationships in the supply chain of the food manufacturing industry, but also the division of labor and integration of supply chains in the food industry [8] . Thus, supply 2 Journal of Food Quality chain actors (including retailers, wholesalers, manufacturers, suppliers, and logistics providers) are also the driving force for food safety.
Businesses must sustain increased marginal cost of production in order to ensure that their products conform to food safety and management standards; such cost increase suppresses business profits. However, if businesses do not comply with food safety regulations, they must assume the risk of having their reputation being discredited, which also curbs business profits. Therefore, to address this problem, businesses must determine how a balance between "business profit" and "food quality and safety" can be maintained. Accordingly, many scholars have concentrated on assessing the value of willing-to-pay (WTP). Subsequently, they evaluated business profit levels by measuring the effect of WTP on the cognition of consumers regarding food quality and safety.
Hedonic pricing methods [9] [10] [11] [12] [13] and mixed multinomial logit approaches [14] [15] [16] are typically employed to estimate WTP given that market trading information is accessible. If such information is inaccessible or nonexistent and quality and safety are assumed as capable of increasing WTP, then various other evaluation methods are used such as contingent valuation [17] [18] [19] [20] , experimental economics [21] [22] [23] , and conjoint analysis [24] [25] [26] . The aforementioned studies have yielded informative results, providing effective and applicable methods for helping businesses strike a balance between "business profit" and "food quality and safety".
Despite that numerous methods have been proposed for food safety management, the reality is the following question: have food quality and safety problems been effectively controlled and improved? The answer to this question is evident from the incessant occurrence of food safety scandals involving adulterated foods and low-quality foods. First, consumers usually purchase products on the basis of "value for money" or "lowest price." In general, businesses believe that price is the most crucial parameter affecting consumers' selection of food products [8] . Second, habitual purchasing behavior is often observed when consumers purchase food products; therefore, consumers' perception of food quality, safety, and price is affected by their prior experience in purchasing the product. Consumers who demonstrate habitual purchasing have a low sensitivity toward the relationship that food quality and safety have with food price. Moreover, they also process information unconsciously [27, 28] . Third, businesses must exert additional marketing efforts to ensure that consumers know that new, quality and safety-improved products are launched. In addition, they must consider consumers' perception of the compensatory relationship between "quality and safety" and "price." Generally, low-quality products are compensated by selling them at a lower price; however, the reason for such compensation might differ according to food types [29] . Nonetheless, these considerations inevitably increase businesses' production cost. Fourth, businesses have a low level of awareness on the consequences of violating food safety regulations. Furthermore, regardless of business size, the status of a business's competitive advantage, and the food safety challenges they face, all of these factors exert no influence on compliance with food safety regulations [3] . Based on the aforementioned discussion, we found that implementing food safety control and management from policy perspectives (e.g., food safety standards) and market perspectives (i.e., consumers' food safety evaluations) is clearly ineffective and inadequate.
When producers of harmless foods are discovered by the public health unit as being involved in broadly defined food safety problems (e.g., false labeling or food adulteration), these food vendors are only penalized with a fine rather than having them assume criminal liability for incurring risk of injury to others and destroy the food products that have not yet been sold in the market. Consequently, falsely labeled (or adulterated) harmless foods are prevalent in the market. This can be attributed to the lack of a mathematical model for analyzing problems concerning food vendors falsely labeling (or adulterating) food products to gain improper profits. This mathematical model can serve as a valuable reference for establishing a penalty function, which can facilitate determining how penalties should differ according to the extent of food false labeling.
This type of food safety management practice is most commonly associated with the following problem: the actual ingredients of a food product do not accord with those labeled on the product packaging. False labeling misleads consumers into thinking that a product has excellent value for money and, therefore, making them willing to purchase it at a high price. In particular, food vendors tend to deceive consumers by selling low-quality products as excellent-quality products. For example, some vendors adulterate a fixed proportion of cooking oil into olive oil and label such adulterated oil as containing pure olive oil. Other vendors have sold Vietnamese rice (or tea) as Taiwan-produced rice (or tea). The act of deceiving consumers by selling low-quality foods as top-quality foods is prevalent for the following reasons:
(1) Foods adulterated with those that are similar in property cannot be easily distinguished with the naked eye, particularly foods that are illegally adulterated with a low quantity of other types of foods.
(2) Because low-quality foods are harmless to human health, food vendors illegally labeling low-quality foods as top-quality foods only face charges of fraud rather than being charged with assault.
(3) Imposing severe punishment on illegal conduct can inevitably deter the occurrence of food vendors selling low-quality foods as high-quality foods. However, when determining the extent of punishment, there is a specific procedure in legal proceedings, and principles of proportionality must be considered instead of allowing the government to independently determine it.
(4) If the penalty amount increases according to the proportion of illegal adulteration by food vendors, then the proportion of adulteration that is selected by food vendors for maximizing profit and is permissible under government standards (including the frequency of adulteration in the inspected food and the number of samples per inspection) will approach a constant. If this constant is greater than 0, then Journal of Food Quality 3 competitor vendors will compete in imitating the food products, thereby causing the prevalence of food false labeling.
This study adopted the government perspective (specifically the health sector), incorporating the aforementioned food safety problems into a mathematical model for discussion. Subsequently, the optimal solution of the mathematical model was derived. We then conducted a sensitivity analysis of how the derived optimal solution is affected by market parameters and government administrative parameters, and the obtained results served as the main findings of this study.
Symbols
: food vendors deceive consumers by selling lowquality products with a ratio of as top-quality products, where is the vendor's decision variables and 0 ≤ ≤ 1. This means that consumers mistakenly think that ingredients are all 100% quality product, but they are, in fact, only (1 − ) ratio quality product.
: is purchase cost per unit food product corresponding to ; 0 denotes the purchase cost per unit of top-quality product; 1 denotes the purchase cost per unit of low-quality product; and 0 > 1 . can be expressed as follows.
: is market price per unit of top-quality food.
: is food expiration date (the maximum period during which the food is edible or valid).
: is setup cost for vendors to purchase or produce the product. ℎ : is unit time inventory cost per unit of food corresponding to ; ℎ 0 denotes the unit time inventory cost per unit of top-quality product; ℎ 1 represents the unit time inventory cost per unit of low-quality product, where ℎ 0 > ℎ 1 . ℎ can be expressed as follows.
: is number of vendors selling the same type of food in the market.
: is number of vendors from which food products were randomly sampled by the government (health unit).
( ): is the penalty amount based on degree of false labeling by food vendors randomly sampled by the government, where
In the present study, functions conforming to the properties of (3) are referred to as penalty functions conforming to the principle of fair proportionality. Because the government cannot comprehensively determine the amount of food products that have been manufactured but have not yet been sold (unless the vendor is willing to confess the truth), the government calculates the penalty for vendors' dishonest behavior by using the frequency vendors that were discovered as being dishonest (as opposed to using the amount of falsely labeled food products).
This study assumed that the government randomly samples vendors on average every time period to inspect their food ingredients.
: is The time interval at which the government randomly samples food vendors to inspect their food products.
Given and , the average time interval at which vendors associated with degree of food false labeling were inspected by the government as being involved in false labeling is expressed as follows.
where (( − )/ ) −1 ⋅ ( / ) denotes the probability of food vendors being discovered as involving in false labeling on the the government inspection. Therefore, after vendors select value, the penalty they must pay the government per unit time is
: is vendor inventory cycle. ( ): is potential demand per unit time reflected by consumer perception of price . In other words, it denotes the rate of demand as expressed by consumers without considering food expiration date. Assuming that ( ) = − , where > 0 represents the maximum potential demand, − < 0 denotes the slope of the demand function, and / denotes the maximum price .
( ): is the amount of food products purchased by consumers according to their daily demand, which is based on the sales price and ( − ) time remaining before expiration. In other words, it is the ratio of purchase amount of food product with expiration date to food product with ( − ) remaining before expiration. Specifically, ( ) is a decreasing function of , where (0) = 1 and ( ) = 0.
Considering the transaction cost, consumers adjust their purchase volume according to the ratio of purchase amount of food product with expiration date to food product with ( − ) remaining before expiration. When consumers purchase a product, the price they pay includes not only the product itself, but also the transaction costs (i.e., purchase time and delivery costs). Therefore, the larger the purchase volume, the smaller the transaction cost per unit of product.
Assuming that ( ) is the linear function of , then the aforementioned properties can be expressed as follows.
Assuming that the food vendors pursue maximizing profit, the profit − ( + ℎ ) per unit of food sold at (end of inventory cycle) must be ≥ 0 (if −( +ℎ ) < 0, then vendors can raise their profit by reducing the initial purchase volume to reduce the sales cycle ). Thus,
From (6), given any value, the following can be obtained:
Integrating (8),
where inventory cycle satisfies
From (10), when value is determined by vendor, then (0) can be obtained, thus, simultaneously deriving the function ( ) of (9).
The Mathematical Model for Optimal Inventory Cycle after Vendors Defined
From (8), given value, the sales volume ( ) within [0, ] is expressed as follows.
Furthermore, the inventory level (i.e., sales volume within 
Using partial integration, ∫ 0 ∫ ( − ) can be written as ∫ 0 ( − ) . Thus, (12) can be rewritten as
Using (5) and (13), the following model can be obtained: after vendors define , the model for maximum profit ( ) per unit time after determining decision variable is as follows.
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Figure 1: Position of * for given .
The Optimal Inventory Cycle * in (14) with Given
Differentiating objective function of (14) with respect to yields
where,
Using (15), we obtain
Using (7), (15), (16) , and (17), the optimal solution * of (14) can be obtained, as shown in Figure 1 . Proof. (i) It can be proven by using (16) and Figure 1 .
Proposition 1. Once a vendor decides , the inventory cycle * that maximizes (expected) profit per unit time must satisfy the following:
(ii) From (16), functions are independent of parameters , , and ; therefore, assumption (ii) yields that /( − ) decreases, and hence the upper curve shifts downward (see Figure 1) , reducing its intersection point * with the horizontal axis.
Proof. From (i) and (ii), it can be obtained: when increases, ℎ and decreased, and ( − )/ℎ increases, thus causing the curve = (2ℎ /3)[ −(3/4)(( − )/ℎ + )] 2 + /( − ) to shift downward, reducing * (see Figure 1 ).
Proposition 3.
For some , ∈ [0, 1], the following property is supported:
(ii) * > 3 4 (
Proof. (i) Differentiating (18) with respect to and using (1) and (2) yields the following:
Eliminating * from the aforementioned equation yields (19) .
(ii) Using the constraint in (14) , a positive value is obtained from the left parenthesis terms in (19) ; from (2), (ℎ 1 − ℎ 0 ) < 0; and using Proposition 2 and (19) proves (20) .
Proposition 4. After the vendors decide , the optimal inventory cycle
* corresponding to and the optimal unit time profit Journal of Food Quality ( * ) exhibit the following relationship:
Proof. Multiply the left and right terms of (14) by , differentiate them with respect to , and then substitute with * ; subsequently, Proposition 4 can be proven using ( * )/ = 0.
Obtaining the Optimal Solution
Considering the differentiation of (23) with respect to and using (18) , the following expression can be obtained:
apply ( 19) to the first term in the middle parenthesis
where is the discriminant of the * quadratic polynomial in the middle parenthesis of (24) and is expressed as follows:
Differentiating (25) with respect to yields the following:
] ; using (19)
] .
(26)
(ii) In (i), if (27) is negative, then is the maximum point of the function ( * ); and if (27) is positive, then is the minimum point of the function ( * ).
Proof. Combining (25) and (26), we obtain (27) .
Proof. From (3) and (25), is a decreasing function of ; (25) . Therefore, * = 0. (20) ).
Proposition 7. (i) The necessary condition for
(ii) The necessary condition for
(iii) The necessary condition for (20) ).
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Proof. The necessary condition for * = 0 is ( ( * )/ )| * =0 ≤ 0; the necessary condition for * = 1 is ( ( * )/ )| =1 ≥ 0; the necessary condition for * ∈ (0, 1) is ( ( * )/ )| = * = 0. Therefore, Proposition 7 can be proven by (24) . Proof. The assumption yields that there exists a positive real number satisfying
therefore,
and from (27) it leads to
. This implies that ( ) has no maximum point. Thus, * = 0 or * = 1. Proof. The assumption yields that
using (25) , it leads to
Therefore, * ̸ = 0 can be proven using (i) in Proposition 7.
Conclusions
In this study, we incorporated the food expiration factors that influence consumers' purchase intention and the volume they purchase into the conventional EOQ model, establishing the food EOQ model. Subsequently, based on this food EOQ model, we discussed the food safety problems that have attracted the attention and generated intensive response from people of the Taiwanese society. In practice, many food vendors had been discovered to be involved in false labeling of food products such as olive oil adulterated with different proportions of cooking oil. When the government discovers that a vendor sells harmless low-quality food products as topquality products to consumers, these falsely labeled foods are not destroyed because of their harmless property. Thus, different methods are employed to calculate the inventory risk cost of vendors' food products and that of hazardous food additives. This study developed a mathematical model based on the aforementioned food safety problems. The results revealed the following interesting properties.
Property 1.
If the government follows the principle of adopting mild penalty, then regardless of which penalty function g based on the principle of proportionality the government adopts, vendors will not be prompted to produce or sell food products containing no low-quality ingredients (refer to Proposition 9). This indicates that vendors inevitably falsely label their food products. In addition, the government's administrative means can only reduce the optimal ratio of * in vendors' food products containing low-quality ingredient, rather than reduce * to 0. This suggests that, in practice, if the labeled food ingredient is 100% true then it is attributed to the vendor having self-constraint because of his or her morality, instead of to the penalty imposed by the government to deter the act of food false labeling.
Property 2. According to Property 1, if the government adopts an adequately strict penalty of (0), then such measure might encourage vendors to select an optimal lowquality ingredient ratio of * = 0. In addition, this study revealed how (0) must be related to the model parameters in order to encourage vendors to select * = 0 (refer to Propositions 6 and 7).
Property 3.
When the public health department decides the penalty function ( ) for vendors who falsely labeled lowquality foods with a ratio of as top-quality foods, and the department's inspection frequency and number of vendor samples per inspection are given, this study provided a mathematical model (refer to Proposition 7) for determining the optimal (illegal) adulteration ratio that maximizes vendors' profit. Under special circumstances, if the penalty function ( ) is the linear function of the adulteration ratio , then the optimal adulteration ratio * for vendors must be either 0 or 1 (refer to Proposition 8).
